Asymptotic Spectroscopy of Rotating Black Holes 
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We calculate analytically the transmission and reflection amplitudes for waves incident on a rotat- 
ing black hole in d = 4, analytically continued to asymptotically large, nearly imaginary frequency. 
These amplitudes determine the asymptotic resonant frequencies of the black hole, including quasi- 
normal modes, total-transmission modes and total-reflection modes. We identify these modes with 
semiclassical bound states of a one-dimensional Schrodinger equation, localized along contours in 
the complexified r-plane which connect turning points of corresponding null geodesies. Each family 
of modes has a characteristic temperature and chemical potential. The relations between them 
provide hints about the microscopic description of the black hole in this asymptotic regime. 
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I. INTRODUCTION 

The experimental inaccessibility of the Planck scale 
motivates searches for indirect windows on the theory of 
quantum gravity. Quantization of black holes could play 
an important role in this regard, analogous to that of 
atomic models in the development of quantum mechan- 
ics. In the search for a quantum theory of gravity, the 
formation and evaporation of black holes as measured by 
an observer very far from the horizon are generally as- 
sumed to be consistent with the basic principles of gen- 
eral relativity and quantum mechanics. Related classical 
processes, such as waves scattering off the black hole, thus 
play an important role in constraining quantum gravity. 

The problem of determining the transmission (T) and 
reflection (TZ) amplitudes of linearized perturbations in- 
cident from spatial infinity is central in the study of black 
holes Information about the classical black hole en- 
coded in T and TZ has been associated in some cases with 
its quantum counterpart 0]. However, in spite of an in- 
tensive study of black hole spectroscopy, analytic results 
for T and TZ in the general case of a rotating black hole 
have so far been available only in the low- frequency limit. 

Isolated, classical black holes, like most systems with 
radiative boundary conditions, are characterized by a dis- 
crete set of complex ringing frequencies uAn) = ujr + iuji 
known as quasinormal modes (QNMs) Q. These reso- 
nances play an important role in modeling the time evo- 
lution of black hole perturbations; simulations show that 
at intermediate times they make the dominant contribu- 
tion. The discrete QNM spectrum, given by the poles 
of T and TZ, extends (for fixed quantum numbers) along 
the imaginary w-axis to infinitely large \u>i\, so one might 
suspect that the amplitudes T and TZ have an interesting 
structure at large, nearly imaginary frequencies. Numer- 
ical studies have revealed a complicated, rich spectrum at 
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low frequencies even for a spherical black hole. Highly- 
damped resonances with \u>r\ <C \toi\ are known to be 
less sensitive to the details of the perturbation, suggest- 
ing that T and TZ may admit a simple interpretation in 
this regime. For example, it has been argued that one 
can read off the quantum of area of the black hole hori- 
zon from the highly-damped QNM frequencies [4J. 

The transmission-reflection problem has previously 
been solved analytically in the highly-damped regime for 
spherical black holes [f| . Recently, the highly-damped 
QNM spectrum of rotating black holes was analytically 
derived 0- Here we combine the tools developed in 
Q and in Q to solve the highly-damped transmission- 
reflection problem for a rotating black hole in four di- 
mensions. 

The resulting analytic expressions for T and TZ cap- 
ture, in addition to the QNM frequencies, various other 
resonances of the system. We show that these resonances 
can be identified directly with semiclassical bound states 
of an effective one-dimensional wave equation. They live 
naturally along steepest-descent (anti-Stokes) contours 
between two complex turning points of corresponding 
null geodesies, and their frequencies satisfy a complex 
Bohr- Sommerf eld equation. The highly-damped quasi- 
normal modes (QNM), total-transmission modes (TTM), 
and total-reflection modes (TRM) correspond to three 
different contours which we interpret as "external," "in- 
ternal," and "mixed," respectively. The resonant fre- 
quencies are u(n) — uj + AiriTin + /^/4), where At = 
(4iT) _1 and 2 At are respectively the time and angular 
distance elapsed along corresponding null geodesies in the 
complexified black hole background, and fi is a Maslov 
index. 

Following the philosophy of [|[ one might hope that 
all of these highly-damped resonances carry some infor- 
mation about the quantum theory. One way this could 
happen was proposed in [5| : determining T allows one to 
calculate the analytically continued spectrum of Hawking 
radiation escaping from the black hole, and one can look 
at the result for clues about a microscopic or "dual" de- 
scription of the same physics, a strategy which has been 
successful in other spacetimes and frequency regimes in 
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the past @, H, @ . Indeed, as we will see, our results for a 
rotating black hole bear an encouraging resemblance to 
some examples where a dual description has been estab- 
lished. There are simple relations between the parame- 
ters T and u> of the three resonant modes: 
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Here Th is the Hawking temperature of the black hole, 
fi the angular velocity of the event horizon, m the az- 
imuthal quantum number of the perturbation, and s the 
spin of the perturbing field. The analytically continued 
decay spectrum has a Boltzmann-like form, inversely pro- 
portional to e^"' 2 « NM ^ 2T « NM + 1. These results support 
the point of view that the QNMs and TTMs correspond 
to distinct microscopic degrees of freedom, which interact 
to produce Hawking radiation. 

The paper is organized as follows. In f|TT]we formulate 
the transmission-reflection problem for a rotating black 
hole, derive the amplitudes T and IZ, and determine some 
of the resonances. In EMII we identify the highly-damped 
regime as a "classical" limit in which the scattering prob- 
lem reduces to tunneling between neighboring contours in 
the complex r-plane, and study excitations correspond- 
ing to each contour. jjlVI reinterprets the results of fjll] 
and Ejllll in terms of null geodesies in the complexified 
black hole spacetime. In SjV] we study the analytically- 
continued decay spectrum of the black hole in search for 
hints of an underlying microscopic theory, and discuss 
analogies with cases previously studied. In i jVIl we sum- 
marize the analysis and discuss its conclusions. Some 
generalizations to other black holes are presented in Ap- 
pendix SjA] 

We use Planck units in which G = c = ks = kc — 
h = 1, where fcs is the Boltzmann constant and kc = 
(47reo) _1 is the Coulomb force constant. 



A. Transmission and reflection 

Linearized perturbations propagating in black hole 
spacetimes often satisfy radial equations of the form 



m = o 



(3) 



where z — z(r) is a "tortoise" coordinate defined such 
that 



z ~ r as r — ► oo ; 
z — ► — oo as r — ► r + , 



(4) 



with r + the (outer) event horizon radius. We require that 
Im(z)/Re(z) — > as r — > r+ or r — > oo. 

We impose the purely outgoing boundary condition at 
the horizon (with respect to the physical line r > r + , i.e. 
signals travel only into the black hole), 
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(5) 



where T and 1Z are respectively the transmission and 
reflection amplitudes for a wave incident from infinity. 
The precise definition of these boundary conditions is 
delicate, especially for complex uj, and will be discussed 
in Section [HEl 

Constancy of the Wronskian of the two independent 
solutions of Eq. ([3]) implies a "conservation of flux" rela- 
tion, valid for arbitrary complex w, 



T(w)T(-w) + K(uj)K(-(j) = 1 



(6) 



where T and 1Z are the transmission and reflection ampli- 
tudes that correspond to a different problem, where the 
w-dependent terms in V z have been modified by u> — > — u>. 
A far field analysis for real u> shows that TZ(ui)1Z(— uj) is 
the fraction of energy reflected, so T(w)T(— uj) is the ab- 
sorption (transmission) probability [see Ref.fH and JOB] . 



II. TRANSMISSION-REFLECTION PROBLEM 

In this section we analytically solve the problem of 
transmission and reflection for a rotating black hole in 
the highly damped regime. The general structure of the 
problem is formulated in ^11 Al After this we specialize 
to the case of the rotating black hole. Some physical 
and mathematical background is laid out in i jll Bl i jllDI 
in particular, highly-damped perturbations are shown in 
fQTC] to be equatorially confined. The boundary condi- 
tions are described in detail in ijll El The results are 
finally derived in ^11 Fl summarized in i ]II CI and inter- 
preted in terms of Boltzmann factors in ijllHl where some 
resonances are also discussed. 



B. Teukolsky's radial equation 

Consider an uncharged rotating black hole of mass M 
and angular momentum J. Linearized, massless pertur- 
bations of the black hole are described by Teukolsky's 
equation (To| . For scalar perturbations, this equation has 
been generalized to accommodate a non-zero black hole 
electric charge Q [ll[; in the equations to follow, one 
must take Q = except for scalar perturbations. The 
perturbation is decomposed as 

a ^ lm {t,r,e,(t>) = e i( - m ^- ut \Si m {6) a R lm {r) , (7) 

where (t, r, 6, (ft) are Boyer-Lindquist coordinates, and 
l,m are angular, azimuthal harmonic indices with —I < 
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m < I. The parameter s gives the spin of the field, spe- 
cializing the analysis to gravitational (s = —2), electro- 
magnetic (s = —1), scalar (s = 0), or two-component 
neutrino (s = —1/2) fields. We shall henceforth omit the 
indices s,l,m for brevity. 

With the decomposition ([7]), R and S obey radial and 
angular equations, both of confluent Heun type [l2| , cou- 
pled by a separation constant A. The radial equation is 

M 



dr 



AS+ idR\ 
dr J 



K 2 



2is{r ~ M)K 



(8) 



a 2 ui 2 + 2amuj — A + 4iso>r 



R = 



where a = J/M and K = (r 2 + a 2 )oj — am. A = r 2 — 
2Mr+a 2 +Q 2 vanishes at r± = M±(Af 2 -a 2 -g 2 ) 1 / 2 , the 
outer (positive sign) and inner (negative sign) horizons. 

We now focus on the highly-damped regime, roughly 
the limit where \uji\ is larger than any other scale in the 
problem including u)r, M~ l and Ml J, holding I and m 
fixed. In this limit we may write [13j, ll4| 



A(u>x —> —oo) = iAiauj + 0(\au)\°) 



with Ai e R. 

Eq. ([5]) may be rewritten using Eq. 



A (s+l)/2^ 



as 



= 



(9) 



(10) 



cuts such that our analysis uses only a single Riemann 
sheet for V(r) 1 on which as r — ► oo we have V(r) — > +1 
and z — > +r, in agreement with Eq. (fjQ). 

Eq. (|14p shows that z(r) is also multivalued, with mon- 
odromy around each of the two simple poles of V(r); this 
monodromy will play an important role below. 

The potential appearing in Eq. ^ is given by 



V z (z) 



V" 
2V 3 



(15) 



where 



(derivatives with respect to r), and satisfies V z = O(ui ). 
It remains finite at r±, but diverges at the four turning 
points ri defined by V(ri) = 0, which are essential to 
the analysis. The 0(|o;| _2 ) term in Eq. (fTTj) should be 
chosen so that V z vanishes exponentially as z — > — oo, 
and V z — 0(z~ 2 ) as z — > oo; a straightforward choice is 

ui~ 2 [a 2 m 2 + iams(r + — r_) — s 2 (r + — r_) 2 /4] . (16) 

Finally we briefly discuss the relation between the wave 
equation ([3]) and the physical absorption probability. In 
PI it is argued that for electromagnetic and gravita- 
tional perturbations the fraction of energy reflected is 
1Z(lo)1Z(— u>). The same result is shown for scalar per- 
turbations in e.g. [16], and for fermions in [l7j . In 
those treatments the radial equation is formulated with 
a different definition of z and / than we are using; our 
H(ui)lZ(—d!) nevertheless agrees with theirs. It follows 
that T{u)T{— uS) is the absorption probability in all these 
cases. 
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and 



q (r) = (r 2 + a 2 ) 2 



a 2 A 



-2am(2Mr - Q 2 ) - iaAiA 
-2is[r(A + Q 2 ) - M{r 2 - a 2 )} 



(11) 



(12) 



(13) 



The ai are related to the Kerr-Newman metric [e.g. 
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f,S, Re(gi) = 2mg tc p^, where E 



a cos vanishes at the ring singularity. Near the 



horizons, qo = (A±/4tt) and Re(gi) 



where A± = 47r(r 



= 4w(2Mr± 



-2am(A±/4:TT), 
Q 2 ) is the area 



of the outer/inner horizon. 

Teukolsky's radial equation may finally be written [7| 
in the form of Eq. ©, upon defining / = ^+i)/2yi/2 R 
and a (nonconventional; cf. [1]) tortoise coordinate 



V(r')dr' . 



(14) 



The potential V(r) defined in Eq. (jTTJ) is multivalued 
because of the square root. We will choose its branch 



Teukolsky's angular equation: equatorial 
confinement 



Teukolsky's angular equation is [10( 

- (au cos 9) 2 



1 d . dS 

sin 6* — 

sin 6d8 \ dO 



(17) 



+ 



(m + scos( 
sin 2 9 



2aujs cos 8 — s — A 



S . 



5 is required to be regular at the regular singular points 

6 = and 9 = it (the poles). This condition picks out a 
discrete set of solutions S = Si, known as spin- weighted 
spheroidal wave functions (SWSWF), and correspond- 
ing eigenvalues A [for review see Ref. [lj; and references 
therein]. In the scalar case s = 0, the Si reduce to the 
more familiar spheroidal wave functions (SWF) [l8j . 

When \aui\ — > oo for fixed I, A = 0(|etw|) is given by 
Eq. © both for s = [prolate-type SWFs, see Ref. [3, 
and references therein] and s ^ [3]. Then the right 
side of Eq. (|17[) is dominated by the first term sufficiently 
far from the poles and from the equator; when m ^ the 
condition is \m/aui\ 2 < cos 2 9 < 1 — \m/auj\ 2 . Very near 
the poles, the second term on the RHS takes over. Both 
these terms are positive in the highly-damped regime, so 
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we get exponential decay /growth of S everywhere except 
in the equatorial region. The regular boundary condi- 
tions at the poles then require that S decays rapidly away 
from the equator. This analysis agrees with the known 
behavior of the asymptotic prolate SWFs, in which the 
magnitude decreases rapidly with increasing |cos#| [l9j |. 
There is some numerical evidence that this is also the 
case for the SWSWFs [e.g., Ref.Ql Figure 5]. 



D. Stokes and anti-Stokes lines 

Eq. ([3|) can be solved in the highly-damped regime by 
evolving / in the WKB approximation [46| along spe- 
cific contours in the complex r-plane. Such a contour, 
consisting of anti-Stokes lines defined by Re(icjz) = 0, 
is constructed as follows. Let rj and r 2 = r\ be the 
two complex conjugate roots of qo, with Re(ri) > and 
Im(?i) < 0. The two other roots ro and 7*3 are real; for 
Q = they are r = and r± — — 2Re(fi j2 ). Let r , r\ 
and r 2 denote the turning points which in the \u>i\ — > oo 
limit approach ro, ri and r 2 , respectively (see Figure [TJ. 
Near the turning points, (z — Zi) cx (r — r^) 3 / 2 , where 
z.i = z(ri). Therefore three anti-Stokes lines emanate 
from each turning point. Two anti-Stokes lines connect 
r\ to r 2 ; one (denoted Z 2 ) crosses the real axis between 
r_ and r+, while the other (Z4) crosses it at r > r + . 
The third anti-Stokes line emanating from n ex- 
tends to Pi, where \Pi\ — > 00 and arg(Pi) = —tt/2. A 
similar line (I3) runs from r 2 to P 2 , with |P 2 | — > 00 and 
arg(P 2 ) = +7r/2. A Stokes line, defined by lm(iu>z) = 0, 
emanates between every two anti-Stokes lines of each 
turning point. Figure [T] illustrates the features relevant 
to the analysis in the complex r-plane. 

Along anti-Stokes lines, the WKB approximation 



/(*) = [c + f + (z - z') + c_/_(* - z')] [1 + 0{\u\- 1 )] 

(18) 

holds, where we defined f±(z) = e ±luJZ , and z' = z(r') is 
some reference point. We use the notation 



f(l j ) = {c+,c-;r'} 



(19) 



to describe this solution to leading order in along 
the anti-Stokes line lj. Off the anti-Stokes lines, the so- 
lution may also be written as Cdfd + c s f s , with /<j, f s £ 
{/+>/-} chosen such that fa is exponentially large (dom- 
inant) and f s is exponentially small (subdominant) in 
that region. The coefficients c± are approximately con- 
stant along anti-Stokes lines away from the turning 
points, and mix with one another near the turning points 
in a way dictated by the Stokes phenomenon [2(| ■ When 
an anti-Stokes line is crossed, the dominant and subdom- 
inant parts exchange roles; when a Stokes line is crossed 
while circling a regular turning point at r' , Cdfd + c s f s 
becomes Cdfd + (c s ± icd)fd, where the positive (nega- 
tive) sign corresponds to a counterclockwise (clockwise) 
rotation. 



lm(r>* 



Re(r) 



FIG. 1: Illustration of perturbation analysis for a rotating 
black hole in the highly-damped regime. Anti-Stokes (solid) 
lines, Stokes (dashed) lines and turning points r; (disks) are 
shown in the complex r-plane for the case a = 0.3 and Q = 
0. Arrows along anti-Stokes lines point in the direction of 
increasing lm(z). Inner and outer horizon radii (diamonds) 
are also shown. 



E. Boundary conditions 

Next, we implement the boundary conditions Eq. ([5]) 
for a rotating black hole. This is slightly subtle for com- 
plex ijj. A rigorous way to fix the boundary condition 
at r + is by specifying the monodromy of the solution 
there, i.e. requiring that / is an eigenvector of the mon- 
odromy matrix with a specific eigenvalue. A Frobenius 
analysis (power series expansion) of the Teukolsky equa- 
tion at r + shows that there are two independent solutions 
R(r) = (r - r+ ) iuJTk [1 + 0(r - r+)] with k e {I, 0} cor- 
responding to ingoing, outgoing waves with respect to 
the physical region outside the black hole (i.e. signals 
travel out of, into the black hole, see [2l[; henceforth). 
These solutions have monodromies e 2vuJTk on a clockwise 
rotation around r + , where 



UJT k 



± 



4irT, 



H 



IS 

~2 



(20) 



with positive (ne gat ive) sign corresponding to ingoing 
(outgoing) waves [21(. Here, Th — (r+ — r-)/A + is the 
Hawking temperature, and CI = Q+ = 4iTa/A+ is the an- 
gular velocity of the (outer) event horizon. The relation 
between / and R involves an extra factor A s / 2 , which 
is proportional to (r — r + ) s / 2 near the horizon and has 
a monodromy e _7r4S on a clockwise rotation around it. 
The two solutions /fc(r) near r + thus have monodromies 
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e ±2™ CT+ , where 



UHJ+ 



lo — mfl is 
AttT h ~2 



(21) 



To leading order in \u\ , this expression for the mon- 
odromies could also have been obtained by writing the 
two solutions as e ±luJZ and then using the monodromy of 
z around r+; that would give o + = Res r ^ r+ (1^), as used 
in Q , which indeed agrees with Eq. (|2"T]) . The boundary 
condition requiring outgoing waves at the horizon, 

/(r - r+) ~ T^e-*", 

can be defined as choosing the solution with clockwise 
monodromy <E>o = e~ 2nuJ(T+ . 

Next we consider the boundary condition at spatial 
infinity. For u> slightly off the real axis, the boundary 
condition at r — > 00 can be continued to a point P on 
the complex r-plane, lying far from the origin on an anti- 
Stokes line nearest to the real axis [See Ref. §2.3.7]. 
As arg(w) gradually decreases from to — tt/2, arg(P) 
gradually increases from to +7r/2, P eventually be- 
coming nearly imaginary [23| . When Re(w) = mQ, the 
anti-Stokes lines go through a discontinuous change, sig- 
naling the presence of a branch cut at these values of u 
[47I ]. For loji > mfi, the boundary condition can then be 
continued to P2, 



f(P2 



TZ(lu) 



-\-iujz 



(22) 



implying that /(h) = {TZ, 1;2 2 } U P to a multiplicative 
factor. For lor < mfi, the boundary condition must in- 
stead be continued to Pi, so f(h) = {TZ, l;zi} up to a 
multiplicative factor. 



F. Computation 

Below we will construct a contour which asymptoti- 
cally approaches Pi or Pi , encloses r + , and consists only 
of anti-Stokes lines. When the contour reaches a turning 
point, it circles around it, excluding it from the enclosed 
region. The contour we use to analyze the u>r < mVL case 
is shown in Figure [2] below. 

We fix the boundary condition for a solution / at Pi 
or P2 and then evolve it along the contour in the WKB 
approximation. The monodromy along the contour must 
agree with that determined by the boundary condition 
at r — > r + ; this provides a constraint on /. Furthermore, 
the solution strictly inside the region enclosed by I2 and 
can be approximated by c_ /_ (since / + is exponentially 
small here). Evaluating at r + then gives c_ = T, while 
continuing to £2,4 yields c_ = c_(£2,4) [20l |. so we get a 
second constraint, T = c_(£ 2 ,4)- These two constraints 
completely determine 1Z and T. 

In the following, results accurate only to leading or- 
der in |w| , derived from the WKB approximation, are 
indicated with the « symbol; for fractions this generally 
includes corrections both to numerator and denominator. 
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FIG. 2: Illustration of WKB computation for the case ujr < 
mQ,. The directed contour (solid line with arrows) encloses 
only the outer horizon. Bracketed triplets denote the values 
of {c+, c_ ; r'}, as defined in Eqs. (118|l - (|19| l, Other parameters 
and symbols are defined as in Figure [T] 



1. The case ujr < mQ 

First consider the regime uij < 0, corresponding to 
time decay, and ton < mf2. Starting from P 1; where 
/ is given by the boundary condition at spatial infinity, 
f(h) = {TZ> holds along li till the vicinity of r\. 

We may derive /(Z 2 ) by rotating counterclockwise around 
n, from li to I2. This rotation involves crossing two 
Stokes lines and the anti-Stokes line between them, so 
f(h) — {i, 1+ilZ; ri}. In the region enclosed by I2 and I4, 
/_ is the dominant solution; we may therefore determine 
T directly from c_(£ 2 ) as 



T « 1 + iU 



(23) 



Next we will follow the contour to r 2 along I2, to fi 
along ^4, and then to li. Since / and z are multivalued 
functions of r, branched at r+, traversing the contour 
brings us to another Riemann sheet; we use " to denote 
objects on this second sheet. We first write fill) with 
r' = r 2 , so f(l 2 ) = {iexpi+iujS), (1 + ill) exp(-iw<5); r 2 }, 
where 



S = z 2 - z\ 



Vdr 



(24) 



Counterclockwise rotating around r 2 from Z 2 to I4 gives 

/(Z 4 ) = {ie +i " s + (i - liy-™ 5 , (25) 
(l + iU)e- iu,s ;r 2 } 
= {[t + (i - n)e- 2lujS }e 2 ™ a + , 



(1 + iK)e 



-2-nujaj. 



\fi} 
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Finally, f(h) may be obtained by clockwise rotating 
around ft, thus crossing a Stokes line. This yields 



f(h) ={[t + (*- TZ)e- 2lujS ]e 27Tuja + , 

[1 + (1 + ill)e- 2lu)S ]e 2 ™ a + + (1 + iR)e 



(26) 



The only singularity of the differential equation en- 
closed by the contour is at r + . Hence f{l\) and f(h) 
differ only by the action of the monodromy matrix at r + . 
Our boundary condition requires that / is an eigenvector 
of this monodromy with eigenvalue $o — exp(— 27rti><7 + ). 
This implies two degenerate constraints, c+(Zi)/c+(Zi) = 
<f>o and c-(li)/c-(li) = <E>o; either one gives the same 
formula for 1Z. 



TZ(lo) 



e -2iu8 + 1 



Combining this result with Eq. (|23p yields 



(27) 



(28) 



The same contour can be used to calculate T and 1Z at 
frequency — lu. The only change in the analysis is due to 
the reversed dominance pattern among /+ and /_ , each 
becoming dominant where it was previously subdominant 
and vice versa. The result is 

T(-u) « 1 and U(-u) ps -i . (29) 



2. The case uir > mfi 

Next, consider the regime luj < 0, Mr > mfi. The 
analysis can be carried out exactly as in the ljr < mfi 
case but with the contour reflected about the real r-axis, 
and with the boundary condition at spatial infinity con- 
tinued to P2. This yields 



Teal -ill 



and 



Therefore, 



e 2iu8 + l 



(30) 



(31) 



(32) 



Similarly, by the same method we used for lor < mfi, 

T(-u) « 1 and ft(-w) fa +i . (33) 



G. Results 

It is convenient to introduce the notation 

^ = / ujVdr , (34) 

where the subscript j G {i, 0} indicates that the integra- 
tion contour crosses the real axis inside (r_ < r < r + ), 
outside (r > r + ) the event horizon. Then 



iSi = iluS and iS — icoS — 2i:uja+ . 



(35) 



Analytic expressions for Sj can be directly obtained in 
terms of elliptic integrals. We shall sometimes use the 
notations U = I2 and Z Q = Z4, so lj may be taken as the 
integration contour of Sj. Both Si and S are real in 
the highly damped limit, because in that limit r\ and 
r2 are connected by anti-Stokes lines on both sides of 
the horizon [48( and along these lines Im(cjV^ dr) = by 
definition. Note that 



e 2i(Si-S ) _ e 47rwa + 



(«-m!l)/T g 



(36) 



where the upper (lower) sign corresponds to fermions 
(bosons), hereafter. 

Our results for the highly damped regime may now be 
summarized as 



and 



T( W ) 



-2is(S t ~S ) _|_ 1 



a2ieS a 



1 



e e(u>~m£l)/TH _|_ ^ 



-e(u>-mSl)/TH 



2ieS 



1 



-2ieSi 



-IE 



+ 1 



e -2ieS + I 



lZ(—u) pa ei 



where we defined 



e = sign(cjfl — mfi) . 



(37) 



(38) 



(39) 



These results reflect the expected branch cuts in T and 
1Z at ojr = mf2. In the case of T there is no cut for 
u>i > 0; this is a consequence of the fact that in this 
regime the boundary condition at the horizon is uniquely 
defined without analytic continuation, as described in the 
appendix of [5j. 

Our results also imply 



_ ( ,-2ie{S i -S„) + 1 

e 2 ^So + 1 
e s(u-mn)/T H ± I 
e 2ieS a + 1 e 



(40) 



-£(w-ro(!)/Ti 



and 



K(u)K{-uj) 



-2ieSi 1 j 
-2ieS T 1 



(41) 
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which we will use in our discussion of the greybody fac- 
tors in SjV] As a consistency check, note that these results 
satisfy the analytically continued flux conservation rela- 
tion, Eq. ©. 



H. Boltzmann weights and resonances 



Both T and 1Z given in Eqs. (|37|) - ([38)l have a suggestive 
structure. Beginning from Eq. (|34| . expanding V and r,; 
around large \lo\ gives 



^■ = ^ + o(M- 1 ), 



where 



and 



•r/ 2 ' I 

ZJ J Jri ^ 



UJj_ 

2T 



-2i 



2A 



dr 



■ dr 



(42) 



(43) 



(44) 



Each term e Ebj in Eqs. ([37]) and (I38|) thus becomes 
exp [e(cj — ujj)/2Tj], and may be interpreted as a Boltz- 
mann weight corresponding to frequency uj, tempera- 
ture 2eTj and chemical potential Uj. (Alternatively, 
frequency w/2, temperature eTj and chemical poten- 
tial uij/2.) Moreover, each Tj is real, because Sj is 
real to leading order. In addition, from Eqs. 
T < < T H /2 < Tj, and 



24). (35 



1 
2T" 



1 

2T n 



1 
T^ 



Similarly, 



u>j ui mil 

= h 27TZ5 , 

2T, 2T T H 



(45) 



(46) 



and Re(tDj) cx to according to Eq. (|44|) . 

In our conventions, T is negative and T positive. 
However, as the Boltzmann weights appear with differ- 
ent signs in Eqs. (f3"T|) and (f3"5| . the opposite convention 
would have been equally natural. We give a speculative 
thermodynamic interpretation of Eqs. (|45|) and (I46|) in 

gvc] 

In Figure [31 |T Q | is plotted as a function of a for Q = 
0, showing that T (a) « -T H (a = 0)/2 within - 3% 
accuracy. Eq. gS]) then yields T^a)- 1 w 2[T ff (a)" 1 - 
T ff (a = 0) _1 ] to this accuracy, so we do not plot Tj 
independently. 

Noting that T and 7?. diverge when 



w(n) = uj — AitiT {n + 1/2) 



(47) 



for integer n, we may identify Ai:iT and w — 2^iT re- 
spectively as the level spacing and the offset of the highly 
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FIG. 3: Fhe effective temperature \T a \ as a function of a for an 
uncharged rotating black hole, normalized by Th{cl = Q = 0). 



damped QNM frequencies. For example, the real part 
of the highly damped QNMs asymptotically approaches 
Re(w ) oc to. The QNM spectrum Eq. (|47|) was shown in 
0] to agree with previous numerical computations [l3| . 

In a similar fashion, AniTi and Ui — 2niTi are shown in 
mil] to be respectively the level spacing and offset char- 
acterizing another type of resonant frequencies known as 
total transmission modes (TTMs). The asymptotic fre- 
quencies of the TTMs of a rotating black hole have so 
far been unknown. Low-lying TTMs of a Schwarzschild 
black hole were discussed in [24], [25[. In the extremal 
limit a — > M we have Tj — > and u)\ — > mf2, so the 
TTMs coalesce to frequency mtt. In the limit a, Q — > 
we have T — ► oo, so no TTMs exist in this limit in the 
highly damped regime. 



III. RESONANCES AS EXCITATIONS 

In this section we further examine the asymptotically 
damped black hole resonances. These resonances include 
the standard quasinormal modes (QNMs), but also in- 
clude other interesting families of modes; one might call 
all of them "quasinormal" in the sense that they decay 
with time, but in what follows we stick to the standard 
terminology. 

As we will see, each mode that we discuss can be as- 
sociated with a semiclassical state localized along one or 
two specific anti-Stokes lines, independent of the bound- 
ary conditions at the horizon or spatial infinity. The 
corresponding eigenstates and eigenvalues depend only 
on the integral of the potential V along these lines. The 
eigenvalue frequencies of the various modes satisfy a com- 
plex Bohr-Sommerfeld equation. In the QNM case, this 
equation was shown in [7j to reproduce earlier numerical 
results. Our analysis suggests that in the highly-damped 
regime, scattering off the black hole can be effectively 
described in terms of a few coupled, one-dimensional, 
semiclassical systems. This picture fully reproduces the 
resonances inferred from §U\ 

This section is organized as follows. In ^III Al we show 
that the wave equation becomes semiclassical for the 
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inverted potential which appears naturally along anti- 
Stokes lines, define the corresponding eigenstates and 
derive their eigenvalues. Next, we discuss four types 
of eigenstates: (i) excitations along I4 corresponding to 
quasinormal modes are discussed in ijlllBI (ii) excita- 
tions along I2 corresponding to total transmission modes 
are described in mil CI (iii) excitations circling I2 and 
I4, corresponding to total reflection modes, are discussed 
in ^IIIDI and (iv) internal excitations along l 5 , associ- 
ated with the behavior around r_ , are discussed in mil El 
This last family of excitations does not appear directly 
in T or 1Z, so they are not strictly speaking resonances of 
the black hole, but from our present point of view they 
appear to be natural objects to consider. 

The main properties of these modes are summarized 
in Table U The emerging picture of a connected system 
of black hole excitations is summarized in ijlllFI 



A. Highly-damped resonances as semiclassical 
excitations of the inverted potential 

Eq. can be interpreted as a Schrodinger equation 
describing a particle of "energy" E z = ui 2 subject to a po- 
tential V z . When \ujj\ is very large, E z is approximately 
real and negative, so we are looking at the classically for- 
bidden case E z <C — \V Z \ < 0. However, the problem can 
be continued to a classically-allowed one, by replacing z 
with a Wick rotated coordinate x = iz, giving 



dx 2 



+ (-V z ) (-L0 2 ) 



f(x) = . 



(48) 



This is now a Schrodinger equation for a particle with 
energy E x — —lu 2 in the inverted potential V x (x) 

V , . The energy is approximately real and positive 
and I V x I *C E x almost everywhere, motivating a semi- 
classical analysis. The coordinate x is in general com- 
plex, but it is approximately real along contours where 
Re(wx) = 0. These contours are the anti-Stokes lines 
defined by Re(iwz) = 0, discussed in $11] and depicted as 
solid contours in Figure[TJ To avoid confusion, henceforth 
we refer to these contours as excitation lines. 

Although V x is in general complex, this makes little 
difference when \V X \ <C E x , which holds true along most 
of each excitation line I. This condition breaks down near 
the turning points xt = izi, but in these regions 



V x (x 



Xi) ~ (x 

' 36 v 



Xi)~ 



(49) 



is real and negative along I, so Eq. (|48|) can still be con- 
sidered as a real Schrodinger equation. Furthermore, V x 
diverges at the turning points, suggesting that the exci- 
tation lines can be regarded as one-dimensional potential 
wells. We may therefore study bound states, determined 
by applying the wave equation (|48j) to each excitation 
line I in the system. Note that black hole QNMs have 
previously been studied by inverting the potential and 



mapping the resonances to bound states, in special cases 
(for example scattering off a slowly rotating black hole 
in the eikonal limit) where the potential can be approxi- 
mated by a Poschl- Teller potential [26| . 

In the highly-damped limit, the eigenstates and eigen- 
values corresponding to the bound states are determined, 
as usual, by a Bohr-Sommerfeld rule derived from the 
semiclassical (WKB) approximation 



7r(n+|) 



Px dx 



J - V x dx 

^w 2 -V z Vdr , (50) 



where p x is the classical momentum corresponding to 
Eq. (|4"5| . and n £ Z, where |n| 3> is the number of 
nodes of / along /. The number /1 is the Maslov index 
[see for example Ref. [27j which counts the it/ 4 phase 
shifts associated with the turning points traversed by I. 
In the highly damped limit, to order 0(|cj| _1 ) Eq. ([5T 
becomes 



S, 



ujV dr ■ 



(51) 



where j is the index of the excitation line or combination 
of lines. With the appropriate choice of orientation for 
lj, we may identify the classical actions £2 and S4 with 



[OJ 



the Si and S defined in Eq 
As in Eq. (|42|) . we expand Sj 

o(M ~ 

This yields the discrete, infinite eigenvalue spectrum of 
excitation frequencies 



with Tj and ujj defined as in Eqs. (|43|) - (|44 



u>j (n) 



(»+f) 



(52) 



generalizing the QNM condition of Eq. (|47|). The reso- 
nances all have loi < (recall that for uij > 0, T and 
IZ are constants), so nTj < 0. Recall that Sj and Tj 
are purely real in the highly damped limit because along 
the excitation lines, by definition, uSV dr e R. Eq. (|4"4")1 
implies that Re(uij) = Re(ujj) cx m; in particular, when 
to = 0, the real parts of the resonant frequencies vanish 
to order |a;| _1 . 

The presence of bound states in the system, if only 
along specific lines in the complex r-plane, suggests that 
their eigenvalues may have physical significance. Indeed, 
in mil BI^IIIEl it is shown that applying Eq. (f5T|) to each 
excitation line reproduces a certain resonance mode of 
the black hole. For example, excitations along I4 corre- 
spond to the QNMs. Note that this definition of the exci- 
tations does not involve fixing the boundary condition at 
spatial infinity or at the horizons. Rather, Eq. ([51]) de- 
termines the semiclassical eigenstates locally, purely in 
terms of (the integral of) V along lj. 

The Stokes phenomenon determines the relation be- 
tween the wavefunctions along adjacent excitation lines. 
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This, as well as the exponential decay of the wavefunc- 
tion in time, makes it natural to view the excitation lines 
as coupled to one another. Indeed, the analysis of the 
transmission-reflection problem in Sjll] could be rephrased 
in the language of tunneling through the potential barri- 
ers at the turning points; we discuss this in EIIIIFI 

For convenience we define p = —iuj, such that WKB 
modes f± = e ±luJZ = e^ lpx with a plus (minus) sign 
travel toward (away from) spatial infinity. 



B. Quasinormal modes 

The most familiar type of black hole resonance is a 
quasinormal mode (QNM). These linear, damped modes 
dominate the intermediate-time behavior of black hole 
perturbations. The discrete QNM frequencies, which cor- 
respond to poles of the transmission and reflection am- 
plitudes T and TZ, may be determined by studying per- 
turbations that satisfy purely outgoing boundary con- 
ditions at both the event horizon and spatial infinity 
along the physical interval r + < r < oo. The highly- 
damped QNM frequencies were derived analytically for 
spherically-symmetric black holes in [23|, and for a ro- 
tating black hole in 0]. 

Now we propose to identify these resonances with 
bound states confined along an excitation line. Which 
line should we consider? In the classical picture of the 
QNM, the potential barrier on the interval r + < r < oo 
plays an important role; one pictures this barrier as "ring- 
ing" and emitting energy toward the horizon and spatial 
infinity. This motivates the suggestion that the QNMs 
correspond to the excitation line I4, as it intersects the 
real r-axis at a point 774 located just outside the event 
horizon. A second motivation is that TZ and T, both of 
which develop a pole at the QNM frequencies, are the 
amplitudes of the WKB modes f± oc e ±tpx along I4 (see 
Figure^]). These rough arguments lead to the right con- 
clusion: Eq. (fBTj) applied to I4, with /1 = 2 phase shifts 
associated with r\ and r-z, precisely agrees with the highly 
damped QNM condition of 7'j for a rotating black hole. 
This equation may be rewritten as 

e 2iSi + 1 = cxp jf" uVdr^j +1 = , (53) 

which is indeed the location of the poles in T and TZ, as 
seen from Eqs. (137)) -(1551). 

As lo approaches one of the QNM frequencies given by 
Eq. (fS"3"]) . T and TZ diverge while satisfying |T| w \1Z\. 
So the QNM excitations reduce to standing waves along 
I4, decaying exponentially in time. One might hcuristi- 
cally understand this time decay as follows: for lor < mfi 
(uift > mfi), the outgoing - into the black hole - part of 
the wavefunction, Te~ tpx , gradually tunnels across the 
turning point into I2 [and into I3 (h)], whereas the in- 
going part, TZe +lpx , tunnels its way to l\ (Z3), thereafter 
escaping to spatial infinity. 



C. Total-transmission modes 

A less frequently explored type of black hole resonance 
is the total-transmission mode (TTM) [49]. These modes, 
defined by 1Z = 0, can be studied as perturbations that 
are purely outgoing at the event horizon and purely in- 
going at spatial infinity. 

Like the QNMs, the TTMs are associated with a spe- 
cific excitation line. To guess which line it should be, 
note that Eqs. ([23]). ([30]) give T m 1. This implies that 
the wavefunction along I2 becomes a (damped) standing 
wave, f(h) ~ —iee +lpx + e~' lpx , suggesting that exci- 
tations along this line could correspond to the TTMs. 
Furthermore, along I2 the reflection amplitude 1Z does 
not appear as the coefficient of either WKB component 
(see Figure [5]). Indeed, applying Eq. ([STj) to I2 yields 

e 2 t s 2 + 1 = exp ^ 2 ■ J^ UJ Vdr^j+l = , (54) 

which is the condition for the numerator of 1Z to van- 
ish, thus determining the TTM frequencies. Note that 
f(l 2 ) « -iee +lpx + e~ lpx implies that c+{h,h) = for 
u)r < mfi, lor > mil, so the TTM excitation cannot 
escape from I2 to spatial infinity. 

Total transmission modes occur in various physical set- 
tings in which two systems are connected through tun- 
neling across a barrier. It is generally found that the 
frequencies of total transmission into a system coincide 
with its metastable eigenfrequencies [Hj]. This suggests 
that the TTM frequencies of a black hole could coincide 
with the eigenenergies of some internal black hole degrees 
of freedom. In a sense this is what we have found in the 
highly damped limit: the TTM frequencies of the classi- 
cal black hole coincide with the energies of bound states 
along the line I2 , which is "internal" to the black hole in 
the sense that it meets the real axis at a point ri2 behind 
the event horizon, r_ < ri2 < r + . 

The description of the TTMs as excitations along I2 
uses the analytic continuation of the metric behind the 
event horizon. The physical significance of such a con- 
tinuation is of course unclear. However, we emphasize 
that the resonant frequencies themselves do not depend 
on this continuation. The modes may be defined by im- 
posing the appropriate boundary conditions at r + and as 
r — > 00. The resonant frequencies can then be derived us- 
ing Teukolsky's equation along r + < r < 00, for example 
in the method of [29j. 

D. Total-reflection modes 

Black holes also have modes of total reflection, where 
T = [5bT|. Using Eqs. d23J) and ([3D]), these modes cor- 
respond to standing wave behavior at spatial infinity, 
fir 00) oc — eie +tpx + e~ lpx , and equivalently along 
^1 (^3) for lor < mfl (lur > mfl). 

When T«0, the wavefunction assumes the same form 
along I2 and along I4, f oc e +ipx , describing a purely 
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TABLE I: Highly damped resonances of a rotating black hole. 



Mode 


/(r H 


r 


f(r- 


♦ oo) a 


Excitation line 


Excitation mode 


Eigenvalue equation 


Section 


QNM 


/- 


T 


/-+ 


■ T 


h 


/+ - ief- 


e 2li ' 4 + 1=0 


|111B| 


TTM 


/- 


T 


/- 


■ i 


h 


f+ + ief- 


e 2lS2 +1 = 


|IIIC| 


TRM 


/+ = 


/- 


/+- 


ief- 


h and h 


-ief+ 


e 2i(S 2 -S 4 ) _ ^ _ Q 


|IIID| 


IHM 










k 


f+ 


e 2*S 5 _ J _ 


IlIIEl 



a Arrows pointing up (down) indicate diverging (vanishing) f±. 



traveling wave. The TRMs can therefore be identified 
for lor < mil as excitations clockwise circling I2 and I4, 
traveling from n to r-i along I2 and back to T2 along 
I4, and vice versa for ujr > mfl. These modes travel 
in a closed loop unaffected by the turning points (/ + is 
subdominant within the loop), implying a Maslov index 
fi = 0. Hence applying Eq. (fSTj) to the h — h contour 
yields 

e 2i(s 2 ~s 4 ) _ x = e 4,™<r+ _ ! = o . (55) 

This result is the condition for the numerator of T to van- 
ish in Eq. (j37|) , and therefore indeed determines the TRM 
frequencies. Note that modes with the opposite orienta- 
tion, counterclockwise (clockwise) rotating for ojr < mfl 
(u>r > mfi), are precluded by the Stokes phenomenon 
(such a mode would be dominant on the Stokes lines 
which run to r + , but then crossing these lines would in- 
troduce components of the other WKB mode). 

The integral in Eq. (f55|) can be evaluated by residues, 
in which case the only contribution comes from the sin- 
gularity at r + . This suggests that the TRMs are in some 
sense associated with the event horizon. Note also that 
the expression +(e 4 ™ CT + - 1) = e ^-^a)IT H ± x ig the 
inverse of the spectrum of Hawking's thermal radiation 
from the horizon. The association between TRMs and 
Hawking radiation will be revisited in SjVj 

The TRM frequencies inferred from Eq. (f55|) are 

WTRM{m) = Tnft — 2-kiFh (n — s) . (56) 

This expression for the TRM frequencies holds also for 
non-rotating black holes, where il = 0. In WBI it is 
shown that Eq. (f56|) is exact — there are no 0(|lj| _1 ) 
corrections. 



E. Inner horizon modes 

One more excitation line, I5, lies in the Re(r) > 
region. This line emanates from the turning point ro and 
circles the inner horizon r_ , as shown in Figure [1] [5l| . 
Excitations associated with ^5 are not directly relevant to 
the scattering process discussed in S|TT]and do not appear 
in T and 1Z, because this line is not directly connected 
to the lines l\ — I4. We may nevertheless calculate the 
eigenstates and eigenvalues of excitations associated with 
I5. The excitation frequencies are given by Eq. (|5ip . with 
integration carried out along Z5 and /i = 0. The only 



contribution to the integral arises from the singularity at 
r_. The result is 

27m = iiriuj Res (V) (57) 

r — >r_ 

OJ — mf7_ 
= i h 2-/TS , 

T _ 

where T_ = -(r + - r_)/A_ < and f2_ = 4ira/A_ 
are the temperature and angular velocity of the inner 
horizon, respectively. As in the case of TRMs, only one 
orientation, / oc e +zpx , is possible. 

Eq. (|57p and the resonant frequencies it implies, 

w = mil- - 2iriT_ (n + s) , (58) 

demonstrate that these modes are associated with the 
inner horizon. The excitation line ^5 does cross the real 
axis near r_, at two points: close to the ring singularity 
ro = (if Q = 0) and at a point lying between r_ 
and ri2, so r_ < r ;5 < r i2 < r + . We therefore call these 
modes inner horizon modes (IHMs). There is a formal 
resemblance between the IHMs and the TRMs, the latter 
similarly associated with the outer horizon. 

Although Z5 is not connected to the other excitation 
lines discussed above, there is a special case where we can 
nevertheless relate Z5 to the boundary condition at spa- 
tial infinity. Namely, when the latter is purely outgoing 
[f( r ~ * 00 ) ^ e luJZ ], the asymptotics at I2 can be contin- 
ued directly to I5, implying that f(h) oc e~ lwz oc e~ lpx . 
Such a continuation cannot be carried out for more gen- 
eral boundary conditions at spatial infinity. 



F. Summary: connected semiclassical systems 

The results of this section show that highly-damped 
perturbations of a rotating black hole may be described in 
terms of three inter-connected lines: (i) l\ or I3 (depend- 
ing on e), admitting waves that travel to/from spatial 
infinity; (ii) Z4, corresponding to the near environment of 
the black hole, carrying the QNM excitations that can 
tunnel out to I2 and to infinity through I1/I3; and (iii) 
I2 , describing some internal black hole region between r_ 
and r + and carrying the TTM excitations, which can be 
excited by a wave incident from spatial infinity but can- 
not directly escape to infinity. Combined, I2 and I4 form 
a loop that carries the TRM excitations, modes circling 
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the event horizon which are related to Hawking radia- 
tion. Each Boltzmann factor (see mi Hp in Eqs. (|4T))) and 
(j4Tjl is associated to one of these types of excitations. 

Each of the excitation lines is connected to two other 
lines at the turning points. Since the effective potential 
diverges at these turning points, we can view each exci- 
tation line as a "potential well" supporting bound states. 
The wavefunction can tunnel from one line to an adja- 
cent one while picking up a phase shift, as dictated by the 
Stokes phenomenon. This provides a heuristic picture of 
the manner in which excitations can decay and possibly 
interact. 

Each excitation line lj crosses the real axis at a single 
point rij , corresponding physically to an equatorial ring 
( §11 CP ; h corresponds to a ring just outside the outer 
horizon, near the peak of the potential barrier, while I2 
is associated with an internal ring lying between r_ and 
r_|_. The complex-plane connections between the differ- 
ent excitation lines directly relate the behavior of the 
perturbation along disconnected, distant rings. 



IV. COMPLEX GEODESICS 

In the preceding sections, the one-dimensional wave 
equations © and (|4"8|) were analyzed with little refer- 
ence to the underlying (3+l)-dimensional metric. Since 
radiation propagates along null geodesies in the large to 
limit, one might expect that quantities playing a role in 
our analysis, such as the characteristic spacing and offset 
of the resonant frequencies, should be understandable in 
terms of null geodesies in the complexified metric. In this 
section we show that this is indeed the case. 

In ^IV Al we review some generalities on the analyti- 
cally continued null geodesies and identify 7*1,2 &s turning 
points of these geodesies in the small impact parameter 
limit. In EUVBI we focus our attention on geodesies in 
the equatorial plane, and show the role they play in our 
analysis. 



A. Geodesies 

We study the complexified geodesic trajectories of a 
massless particle with angular momentum p^ = to, com- 
plex energy E = u>, and Carter's (fourth) constant of 
motion [301 ] fixed to some Qc- 

Along a null geodesic, the derivatives of Boyer- 
Lindquist coordinates with respect to the affine parame- 
ter A are then UM 



E 2 q - 2a(2Mr - Q 2 )p^E ~ (A - a 2 )p 2 - AQ C 



a(2Mr ~ Q 2 )E + (A sin" 2 9 - a 2 
EA 



(59) 



and 



a 2 E 2 cos 2 9 



, cot 2 9 + Qc 



(61) 



(62) 



where the square root branches in Eqs. ([59]) and (|62|) are 
chosen independently, and we recall E = r 2 +a 2 cos 2 9. To 
leading order in M -1 , Eq. ([59")) becomes r s» Er~ 2 q^ 2 ; 
so in the highly damped limit r\ and T2 approach the 
turning points of the complexified geodesies where r = 0. 

The covariant momentum p r is determined by the con- 
stants of motion as [3l| 

( Pr A) 2 = q E 2 -2a{2Mr-Q 2 )E P<t> 

-(A-a 2 )p 2 -Q c A. (63) 

Using this together with Eqs. (fl~Tj) -(fl"3 |) . the quantity ojV 
which was crucial for the WKB analysis may be expanded 
around large to as 



ojV =p r + isV s + iAxVa + 0{\lj\ x ) 



(64) 



where we defined V s = q 1/2 A" 1 [r(A + Q 2 )-M(r 2 -a 2 )] 

— 1/2 

and Va = —% a/2. The resonant frequency equation 
(|51|) can now be written to order |u;| as a complexified 
Bohr-Sommerfeld rule [3] 



p r dr 



(65) 



where the excitation lines lj can be understood as con- 
tours of steepest descent of ujV connecting the geodesic 
turning points Ti which lie at the endpoints of L . In order 
to reproduce the resonant frequencies to order |w| , the 
integrand should be replaced by p r — p r + isV s + iA{Va- 



B. Equatorial geodesies 

Focusing on the equatorial region, we may replace 
Eqs. (|59|) - ([62|) by the lowest order terms in their expan- 
sion about 9 = 7r/2. To this order, Qc = 0. On the 
equator, t also vanishes to leading order in \oj\~ 1 at the 
turning points r^, regardless of arg(w). More generally, 
on the equator r\ and r-i are turning points where both f 
and t vanish simultaneously, in the limit of small impact 
parameter b = p^ / E in which \b\ -C a, and in particular 
when p^ = 0. 

The Boltzmann factors of £|II HI can now be related to 
the equatorial null geodesies. Consider the expansion of 
the action S ~ (uj — u>)/(4dT), where T and uj are given 
by Eqs. (|43|) - (|44| and we have omitted the index j of the 
excitation lines for brevity. A direct comparison between 
these quantities and Eqs. (f5"5]) - (|6"T|) . after substituting 9 = 
7r/2. eives to leading order in la>l -1 
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and 



[ d(j) 

Re(w) « AiTra / —dr = m 
J dr 



Acj) 
At ' 



(67) 



where At and A</> are respectively the time and the 
azimuthal angle elapsed along the integrated geodesic. 
Moreover, using Va = — (2 cos 8) ~ 1 (±dd/dr), 



v ' At At 



(68) 



where we defined a logarithmically-stretched angular co- 
ordinate 

((6) = J {2cos9)- 1 de ~ i In ^(9 — |) + const , (69) 

the last approximation valid near 6 = n/2. 

So the integral of luV between any two values of r is 

S = u;At-mA^=F^iAC+is J V s dr + OQu]- 1 ) . (70) 

The solution to the transmission-reflection problem in 
Eqs. ([40 |) -(|4T j) may thus be rewritten in terms of the 
more physical quantities associated with a null geodesic. 
Eq. (170)) is seen to be a restatement of the result S w 
J p r dr, because along null geodesies p r dr = lu dt—m d<j>— 
pe dO. 

It follows that the highly-damped resonant frequencies 
corresponding to a given excitation contour I are deter- 
mined by 

o;(n)At = mA<f> ± iAiAC - is J V„ dr 

, (71) 

where At, Acf>, A£, and J V s dr are calculated along I, 
and are all imaginary. As an example, for a closed, clock- 
wise contour that encircles r + we find At = (2iTn)^ 1 , 
A<p = ft At, A( = 0, and JV s dr = iir. Plugging these 
quantities into Eq. (|7TJ> with fx = yields the TRM fre- 
quencies of Eq. (|56|) . 

Altogether we have found that the resonant frequen- 
cies Lo(n)/2ir can be understood as harmonics of a fun- 
damental (imaginary) frequency (2At)~ 1 plus an offset 
u)/2n + n/8At, such that At and uiAt are associated re- 
spectively with the time and with a generalized angular 
distance (including mA<f> and iA\A£, as well as /i- and 
spin terms) elapsed along a null geodesic corresponding 
to the relevant excitation line. Somewhat similar con- 
nections have been suggested by studies of black holes 
in the eikonal limit, where approximate expressions for 
the QNMs were inferred from the decay of wavepackets 
which travel initially along unstable closed orbits [26l l32j . 



V. BLACK HOLE DECAY AND GREYBODY 
FACTORS 

In this section we sift the results of the preceding sec- 
tions for clues about the quantum description of the black 



hole spacetime. The analytically continued spectrum of 
Hawking radiation escaping from the black hole is pre- 
sented in Al and WBI In CI we recall some exam- 
ples where a similar spectrum was found to correspond 
to a dual conformal field theory (CFT), and speculate on 
the microscopic description underlying the present case. 



A. Decay spectrum 

First, recall that for real frequency lu the transmission 
amplitude provides information about the Hawking ra- 
diation emitted from the black hole, as observed from 
spatial infinity. In 33] it is argued that this observed 
spectrum T(uj) is related to the absorption probability 
a(u)) by 



d 2 N 
dt duo 



a(oj)riH(to) 



(72) 



where nui^j) denotes the spectrum of pure blackbody ra- 
diation at temperature Tjj and potential mQ, and u(ui) 
acts as a "greybody factor" which filters this thermal 
spectrum. There is some arbitrariness in how one con- 
tinues Hawking's formula to complex lu; we make a choice 
which will be convenient for what follows, namely 



n H (co) 



1 



iQ)/T H ± I 



(73) 



Upper (lower) signs correspond to emission of fcrmions 
(bosons), above and henceforth. 

In mi Al we argued that <j(uj) = T(lo)T(—lj). Now we 
analytically continue to the highly damped regime. Using 
Eq. (J40J) then gives 



r(«) 



-e(ui-mU)/T H 



,)/2T 



1 



(74) 



B. Exact cancellation of Hawking spectrum 

In the expression for the decay spectrum in Eq. (|T4"1) 
the pole of the spectrum nu in Eq. (|73[) cancels with 
the zero of T(lo)T(— lu) in Eq. (|40[) . Based on our argu- 
ments so far, though, one might have thought that this 
cancellation is only approximate and the exact analyt- 
ically continued spectrum would have poles and zeroes 
separated by a distance 0(|w|~ ). 

Actually, the zeroes and poles cancel one another ex- 
actly. The reason is that the boundary condition Eq. ([5]) 
manifestly requires T(uS) ^ 0, so T(uS) = is possible 
only if Eq. ((5J breaks down. But this equation breaks 
down only when the two solutions near r — r + have the 
same monodromy, since then we cannot pick out a solu- 
tion uniquely by specifying its monodromy. Inspection of 
Eqs. PD|) or (p?Tj) indicates that this condition is equiva- 
lent to vanishing of the denominator of tih in Eq. (|T3[) . 
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This argument applies quite generally, in particular to 
the spherical black holes analyzed in [5J. 

We have thus shown that T can have zeros only where 
n R has poles. This directly relates the TRM frequencies 
to the poles of n R - In Appendix [A"l it is shown that T 
does indeed have such zeros in a large class of black holes 
in the highly-damped limit. 



C. Speculations on the microscopic description 



As shown in W Al there is a pleasantly simple expres- 
sion for the decay spectrum at large imaginary frequen- 
cies, given in Eq. ([74]) . But what could its physical mean- 
ing be? 



1. Examples of known dual CFTs 

Recall that computations of the same quantity at 
small real frequencies have in the past given informa- 
tion about quantum gravity in black hole backgrounds 
@; B @- For example, consider scalar emission from a 
four-dimensional, slowly rotating (Jl <§; 1/M) black hole 
in the regime u> -C 1/M. The corresponding decay spec- 
trum given in 0] can be written as 



r(w) oc 



,21—1 . 



,(o)-mn)/T H _ I 



(75) 



where P21+1 is a polynomial of order 21 + 1. Near BPS 
saturation (Q = M — e and a 2 ~ Qe for small e > 0) 
the degrees of freedom of the black hole are described by 
a chiral (0, 4) superconformal field theory, and a SCFT 
computation of the decay spectrum agrees precisely with 
Eq. (Jill) 1. 

A second example is scalar emission from a five- 
dimensional, non-rotating black hole. In a certain "dilute 
gas" limit, the decay spectrum is [9j 



T(lu) oc 



(76) 



where a positive (negative) sign corresponds to odd 
(even) I. Again, this agrees with a stringy computation 
of the black hole decay spectrum ; these results were 
important precursors of the AdS/CFT correspondence. 

In both Eqs. ([75]) and ([76")) there are characteristic 
denominator factors, which have the form of partition 
functions of ensembles constructed from the degrees of 
freedom of the microscopic CFT. In the case of Eq. ([75]) 
the relevant CFT is chiral, so we see only one type of 
bosonic excitation, at temperature T R - In Eq. ([75]) the 
CFT is non-chiral, and the left-moving and right-moving 
sectors have different temperatures Tl, T r , obeying 



1 1 

27Y + 2T^ 



1 



(77) 



The appearance of a product of two denominator factors 
reflects the fact that emission takes place only when left- 
moving and right-moving excitations collide. Although 
the excitations can be fermionic or bosonic with confor- 
mal weights Hl = h R = (I + 2)/2, bosonic statistics of 
the outcoming scalar emission is ensured by ht — h R = 0. 

A third and last example is the (2 + l)-dimensional 
asymptotically anti-de Sitter BTZ black hole [34|. Here 
the QNM spectrum is given by [H, [3(| , 



4mT LiR (n + h L , R ) 



(78) 



where n, k^ R 6 Z, and A is the cosmological con- 
stant. The excitation temperatures Tl R characterize re- 
spectively the left- and right-moving Virasoro algebras. 
These temperatures also satisfy Eq. ([77[) . The angular 
momentum of the perturbation is given by 



fez, — k R = A J . 
The conformal weights /j_l ; _r satisfy 
hh - h R = ±s , 



(79) 



(80) 



ensuring that the emitted Hawking quanta have the cor- 
rect spin. Unlike the previous examples, the Boltzmann 
factors here involve chemical potentials with nonzero real 
part. 

Note that Eqs. ([77[) and l[4"5|) are formally identical 
(except for a sign in front of T 0l but recall we have chosen 
T < 0). Similarly, Eqs. l[79" ]) -([8"0" ]) are formally identical 
to Eq. (|46[) . if we define complex chemical potentials ujl r 
by 



UL,R _ O 

7^ = 7^ k L,R + 2TTIIIL.R , 

^-LL.R ±H 



(81) 



with A J = m in the present study. 

The decay spectrum of Eq. ([74]) in the present analysis 
contains a structure similar to the above examples: in 
particular a Boltzmann weight with characteristic tem- 
perature and chemical potential appears in the denomi- 
nator, related to the highly-damped QNM spectrum. To 
compare our results with the case of a slowly rotating 
black hole in Eq. (|75[) . consider the highly damped re- 
sults in the a — * limit. Here \2T a \ — > T R , so the decay 
spectra in Eqs. ([74]) . ([75]) have a similar Boltzmann fac- 
tor. At low frequencies and non-negligible rotation, the 
Kerr decay spectrum is probably more formally similar 
to the two other (BTZ and extremal 5D) examples given 
above, because Kerr QNMs in this regime fall into two 
families (29l |. implying that two Boltzmann-like factors 
appear in the denominator of T. 



2. Speculations 

By analogy with the cases just reviewed, we would like 
to interpret the decay spectrum we computed as giving 
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) dU + 




h J±) 




V2T! 


2T 2 J 



information about the microscopic degrees of freedom of 
the rotating black hole in the highly damped frequency 
regime. Here we present a few speculations in that direc- 
tion. 

We took |o;| much larger than all other scales, so one 
might expect that the physics in this regime is scale in- 
variant; hence we might try to interpret these degrees 
of freedom as belonging to a "dual" CFT. The decay 
spectrum in Eq. ([74]) should then be proportional to an 
analytically-continued thermal correlation function of the 
CFT, and the QNM frequencies should be related to the 
poles of its retarded thermal correlators. 

What can we say about the degrees of freedom of this 
CFT? A clue comes from Eqs. (|45j) and (|46|). and from 
their formal similarity to Eqs. ((77l) and (J79])-([8TJ). Con- 
sider a pair of thermodynamic systems at temperatures 
Ti and T 2 , with chemical potentials [i\ and fj< 2 , coupled 
to the environment only through processes where each 
system changes its internal energy by the same amount, 
and similarly for the particle number: d\J\ = dU 2 and 
dNx — dN 2 . Now we view the pair as making up a single 
combined system, with dU = dU\ + dll 2 and similarly 
for dN, dS, with S the entropy. For reversible processes 
dS h2 = {l/T lj2 )dU h 2 + (Mi,2/Ti j2 )dWi,2, so 

11 

27\ + 2T 2 

We interpret this as saying that the combined system has 
effectively T- 1 = (2Ti)- 1 + (2T 2 )- 1 and fi/T = /ii/2Ti+ 
fi 2 /2T 2 . This is just what we found in Eqs. |4% ]l .([i6 |) . 
where the two subsystems are the ones associated with 
QNMs and TTMs, and the thermodynamics of the com- 
bined system are just the usual ones expected for the 
black hole! Even the statistics of the emitted particles, 
determined by the imaginary part of the chemical poten- 
tial, arise as a sum of contributions from the two subsys- 
tems. On this basis we propose that the dual description 
should involve two distinct sets of degrees of freedom, 
somehow related to QNMs and TTMs. Speculations on 
partitions of the black hole into two subsystems, involv- 
ing relations similar to Eq. (|82p . have appeared before in 
e.g. [13. 

This proposal is similar to what happened in the sec- 
ond and third cases we reviewed above, where the two 
subsystems consisted of right- and left-movers in the 
CFT, and entered in a symmetrical way [52| . In our 
case the two subsystems are associated with QNMs and 
TTMs, and there is no symmetry between them; in par- 
ticular, the emission spectrum includes a denominator 
Boltzmann factor associated with QNMs but none for 
TTMs. Perhaps the correct picture here involves a sin- 
gle excitation associated with QNMs decaying into two 
quanta, one of which enters the subsystem associated 
with TTMs while the other emerges as Hawking radi- 
ation. 

As argued in J!]]] QNMs and TTMs are related to 
classical bound states along l a and h, respectively. This 
suggests that the two sets of microscopic degrees of free- 



dom correspond somehow to l and k, or more generally 
to geodesies that cross respectively outside and inside 
the outer horizon. When l a and U are combined, the 
loop formed admits traveling waves which are related to 
TRMs and therefore to Hawking radiation. This pic- 
torially parallels the above suggestion that microscopic 
degrees of freedom corresponding to the QNM and TTM 
sectors interact to produce Hawking radiation. It is pos- 
sible that there is a relation between interactions among 
degrees of freedom involved in the production of Hawk- 
ing radiation on the microscopic side, and interactions 
between excitations along l a and li forming loop exci- 
tations on the classical side. If so, the classical picture 
discussed in i]IIII illustrates why TTMs are not seen in 
Eq. (|74p , and supports the notion that the production of 
a Hawking quantum involves the decay of a QNM-related 
quantum into the TTM sector. 

The excitations along the contours U t0 are semiclas- 
sical, so heuristically the probability to find an excited 
quantum at a point x, P{x) oc \E X — V x {x)\~ l , is in- 
versely proportional to the classical velocity and substan- 
tial only near the turning points r\ 2 . It is natural to 
speculate that the relevant dual description is similarly 
"localized" around those two turning points, by analogy 
to the dual descriptions of extremal black holes, which 
are localized near the horizon. Moreover, in our analysis 
of the resonance spectrum the starring role was played 
by complexified geodesies which connect the two turning 
points. This is somewhat reminiscent of the discussion 
of asymptotically AdS black holes in [3^, Hi| ; there one 
has a dual description localized at the two boundaries 
of the spacetime, and correlators of very massive scalars 
between these two boundaries are dominated by complex 
geodesies connecting them. These correlators in particu- 
lar determine the massive QNM spectrum. It would be 
interesting to understand whether there is any connec- 
tion between the two situations. 



VI. SUMMARY AND DISCUSSION 

This paper analyzes the spectroscopic properties of 
a rotating black hole in the highly-damped frequency 
regime. More precisely, it is a study of the evolution 
of linear perturbations of a massless field with arbitrary 
spin, in the spacetime of a four-dimensional rotating, 
charged (for s — 0) black hole, in the large, nearly imagi- 
nary frequency range. Our analysis and main conclusions 
are as follows. 



1. Evidence is presented (in C[) to show that 
highly-damped perturbations are equatorially con- 
fined, with a characteristic opening angle A9 ~ 
\m/uja\. 

2. The problem of transmission and reflection is an- 
alytically solved f CTlf using the WKB approxima- 
tion, Stokes phenomenon and monodromy match- 
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ing, as illustrated in Figure [2j The resulting ex- 
pressions for T and 1Z are given in Eqs. (f3"T)) - (|4"l"j) . 

(a) The analysis exploits two complex WKB turn- 
ing points n,2 and the steepest-descent (anti- 
Stokes) lines lj emanating from them in the 
complex r-plane, as shown in Figure [T] 

(b) The results depend essentially on two inte- 
grals S .i [Eqs. ([34]) . ([70]) ] running along two of 
these contours, l ^, which cross the real axis 
respectively outside the outer event horizon 
and between the inner and outer horizons. 

(c) The points rj.,2 asymptotically approach 
complex-conjugate turning points of small im- 
pact parameter null geodesies, in which r = 

i = o 

(d) T and 1Z have poles and zeros correspond- 
ing to quasinormal (QNM), total transmission 
(TTM) and total reflection ( TRM ) modes. 
Their properties are studied in W HI and i jllll 
summarized in Table QJ and illustrated in Fig- 
ure El 

(e) T and 1Z can be written as ratios between 
three Boltzmann-like weights e^ w ~ Wj ^ 2Tj ± 1, 
defined in Eqs. (j43]) -(|44l) and related to each 
other through Eqs. (|4"5)) - (|4"())) . The frequencies 
of each resonant mode are zeros of a corre- 
sponding weight. 

3. Each black hole resonance corresponds to a semi- 
classical bound state of the Wick-rotated wave 
equation (|48[) along a specific contour lj, indepen- 
dent of the boundary conditions at the horizon and 
spatial infinity. 

(a) The resonant frequencies [Eqs. ((52)) . (fTTj) ] are 
determined by applying a complexified Bohr- 
Sommerfeld equation [ (|5Tj) , (p5)) ] to the rele- 
vant contour. 

(b) The result is w(n) = uj + AiriT (n + /i/4), 
where (4zTj) _1 = Atj and ujjAt oc in 
are respectively the elapsed time and angu- 
lar position along the corresponding geodesic 
[Eqs. ((M)) - ([o^)) ]. and [i is a Maslov index. 

(c) The QNMs (TTMs) are associated with bound 
states along l a (li), corresponding to an equa- 
torial ring outside (inside) the outer horizon. 
The TRMs are associated with this horizon, 
and manifest as waves traveling in the closed 
loop formed by l Q and Zj. 

(d) Another contour l§ emanates from a third 
turning point, encircles the inner horizon and 
admits traveling waves similar to the TRMs. 
These inner horizon modes (IHMs) are not re- 
vealed by T and K ( CHEf . 

4. The results provide hints about the quantum de- 
scription of the black hole in this frequency regime. 



(a) The analytically-continued spectrum T of 
Hawking radiation escaping the black hole 
has the simple form Eq. (fT4"|) . ft resem- 
bles previously-studied spectra ( $V C ip which 
gave clues to the dual CFT description of 
black holes. 

(b) The relations between QNM and TTM Boltz- 
mann factors [Eqs. (|45p - ([46)) ] resemble the re- 
lations [Eqs. ((77D, flUD-flEE])] between the par- 
tition functions of ensembles constructed from 
two sectors of a dual CFT whose excitations 
interact to produce Hawking radiation. 

(c) We speculate f ^VU) that QNMs and TTMs 
similarly correspond to distinct sets of micro- 
scopic degrees of freedom of some unknown 
dual description of the black hole, which in- 
teract to produce Hawking radiation. 

Linearized perturbations of a rotating black hole are 
characterized by two time scales — the horizon light- 
crossing time and the rotation period — which are of 
the same order of magnitude far from the Schwarzschild 
and the extremal limits. Analyses of perturbations with 
a single time-scale and radiative boundary conditions 
are complicated by strong damping. The highly-damped 
regime studied in this paper is more susceptible to an- 
alytical methods because the decay rate is taken to be 
much faster than the characteristic inverse time scale. 

In this regime the analysis is simplified by focusing on 
certain contours in the complex r-plane. As in previ- 
ous studies, such contours play an important role in the 
WKB analysis. In addition, they provide a semiclassi- 
cal, essentially one-dimensional description of the black 
hole interactions with its environment. The black hole 
resonances can be modeled as bound states of the Wick- 
rotated wave equation along l a ^, and scattering off the 
black hole can be understood in terms of tunneling be- 
tween these contours. 

In the highly-damped regime, the transmission- 
reflection amplitudes and the corresponding resonances 
are rather insensitive to the details of the potential 
barrier surrounding the black hole. Any frequency- 
independent "contaminant" potential may be added to 
the potential in Teukolsky's equation or to V x , V z with- 
out changing any of our results to leading order in | c^j | 1 . 
This frequency regime is universal in the sense that the 
results depend simply on (and are formally independent 
of) s, I and m, and are periodic in ujj. Moreover, since we 
keep lvr finite, the Boltzmann weights appearing in the 
result are finite in this limit, which allows us to determine 
e.g. whether the denominators correspond to fermionic 
or bosonic statistics. In sum, the combination of analytic 
results, robustness and universality makes the highly- 
damped regime a particularly interesting place. On the 
other hand, it is far from clear how one should physically 
interpret the results of scattering computations in this 
regime; here we have only presented a few speculations 
in that direction. 
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The analysis presented here does not directly apply to 
the Schwarzschild case a — 0, where the turning points 
coalesce to r = 0, nor to the extremal case M 2 —a 2 — Q 2 = 
0, where the inner and outer horizons merge to cutoff 
1-2- It does hold arbitrarily close to these limiting cases 
[2j. Moreover, much of our discussion extends beyond 
the four-dimensional rotating black hole, including for 
example the connections between the resonance spectrum 
and coordinate distances along geodesies. In Appendix El 
we show how the computations of T and TZ in the highly 
damped frequency regime can be generalized to a large 
class of black hole backgrounds, and demonstrate how 
the QNM and TTM conditions may be written in terms 
of the corresponding geodesies. 

Previous studies of the QNMs of the Kerr black hole 
show that they fall into two families, only one of which 
survives to the hi ghly damped regime (7l.fl3|. It was ar- 
gued numerically (40. l4l| and analytically |42j] that the 
other family of QNM frequencies approaches lor = mil 
before disappearing. Our analysis suggests an explana- 
tion for this behavior: we found that the branch cut in 
T and TZ is naturally placed at lor = mQ. Perhaps the 
other family of modes hides behind this cut. 
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APPENDIX A: GENERALIZED 
TRANSMISSION-REFLECTION ANALYSIS 

Here we generalize the computation of highly-damped 
transmission and reflection amplitudes T and TZ for an 
arbitrary black hole in which a closed anti-Stokes con- 
tour can be constructed around the (outer) event horizon 
r_|_. In particular, this includes the Schwarzschild and 
Reissner-Nordstrom black holes in various dimensions. 
The generalization shows that quite generally T(w) does 
have zeros, which then must cancel with the poles of 
njj(u;) as argued in WBI 

Consider frequencies near the poles of n#, shown in 
WBI to occur when e 47r " cr + = 1, where — a+ is the 
dominant exponent of f(r) at r+. If iioz(r ~ r+) ~ 
Mj<7_|_ln(r — r+), lo<7+ £ il is a sufficient condition for 
the anti-Stokes lines to avoid r + ; it is satisfied near the 
poles of riff. Consider the closed contour C obtained by 
connecting the anti-Stokes lines closest to r+, denoted 
Iq, h, I2, ■ ■ ■ , l n = lo hi clockwise (counterclockwise) order 
for lor < uj c (lor > u) c ), where u> c specifies the loca- 



tion of the branch cut. Along C, f — c+(lj)f+ + Tf-, 
because /_ is dominant inside C so that c_ can be con- 
tinued directly to r+. The Stokes phenomenon implies 
that c+(l n ) = c+(Zo)o:jJ/ 2 — ieTa a 1 ^ 2 a, where we defined 
e = sign(cjR - iu c ). Here, a = J2k=o a k> where a k = 
exp[2io;(z„ — Zk)} are the relative phases accumulated by 
c+ and c_ at the turning points r^, labeled such that r k 
follows Ik along C. Note that ao = exp(— eAnuja + ). On 
the other hand the boundary condition at the horizon 

— 1/2 

implies c + (l n ) — a c+(Iq), yielding 



T 



-iec + (l ) 



a 



(Al) 



As tih = ±(«o — 1) _1 7 the appearance of zeros of T 
and their cancellation with the poles of njj is evident, 
regardless of the number of turning points or the associ- 
ated phases. 

The analysis may be pursued further in cases where 
/+ may be continued to r — * 00 such that c+(Zi) = TZ, 
as in the four-dimensional black holes mentioned above. 
In this case, Eq. (|Aip becomes nnTa = ^fieTZ. In the 
highly damped regime quite generally T(— lo) = 1, and at 
least in several cases 7Z(— u) — iep for some constant p, 
so Eq. ijHJ implies that T{to) + iepTZ(u>) — 1. Combining 
this with the above conclusions yields 



T 



a - 1 



ao 



1 — pa 



and 



K = ie- 



ag — 1 — pa 



(A2) 



(A3) 



The QNM and TTM resonant conditions are now identi- 
fied respectively as ao — 1 — pa = and a = 0. 

In the present case of a 4D rotating black hole, n = 2, 
ai = e 2leSo and p = 1, reproducing Eqs. (J37J) and 1(55]). 
For gravitational perturbations of a 4D Schwarzschild 
black hole, for example, one finds [4311 n = 2, ctx = ao, 
and p = 2, reproducing the results of [5|. 

In the Schwarzschild and Reissner-Nordstrom black 
holes the connected system of excitation lines is more 
complicated than in the present case of a rotating black 
hole and there is no 1-1 correspondence between reso- 
nances and excitation lines. As in ^IVl the resonances 
can still be related to the coordinate distance along 
the associated geodesies. For example, the condition 
of [43J for highly-damped gravitational QNMs of a 4D 
Schwarzschild black hole can be written as 



1 + 3 exp 



1 + 1 , 
LoAt — Aq> + spin term - 







(A4) 

where in this case At = ±1/Tjj, and the subleading terms 
in the exponent are all 0(|a-i| _1 ). 
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